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ABS TRACT 

The Aero-Astrodynamics Research Review No. 2 (NASA '1M X-53295) con­
t a i n s  a succ inc t  account of Newtonian aerodynamics f o r  genera l  a n a l y t i c a l  
su r f aces .  Much of the d e t a i l  passed over t he re  when dea l ing  wi th  a p p l i ­
c a t i o n s ,  toge ther  with a more thorough expos i t ion  of the  genera l  approach, 
is  given i n  the  present  r e p o r t  which, i t  is  hoped, w i l l  be use fu l  t o  those 
who wish t o  a c t u a l l y  work wi th  Newtonian's method. It ought t o  se rve  wel l  
i n  the high-Mach number, low-density phase of r e -en t ry  f l i g h t .  The 
lemnisca t ic  body chosen i n  the  Research Review paper as an example f o r  
ca l cu la t ing  blunt-nose forces  is  replaced he re  by a c i r c u l a r  cone wi th  
s p h e r i c a l  base cap ,  s i n c e  t h i s  conf igura t ion  seems t o  command more immedi­
a t e  i n t e r e s t .  
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LIST OF SYMBOLS ( P a r t i a l )  

A. General: Vector q u a n t i t i e s  a r e  denoted by under l in ing ,  
except the  u n i t  vec to r s  

i, 3 ,  k 

on the  axes of a Car t e s i an  r ec t angu la r  system. 

a: o v e r a l l  angle  of a t t a c k  


5 o c .  - angle  of a t t a c k  a t  an  elemental  s u r f a c e  


a' : i t s  complement 

-n: u n i t  vec tor  i n  d i r e c t i o n  of the  s u r f a c e  i n t e r i o r  
normal (components, n,, n2, n3) 

-v: u n i t  vec to r  i n  flow d i r e c t i o n  (components a,, a,.,, a3) 

pw, V,, 4,: 	 dens i ty ,  v e l o c i t y ,  dynamic pressure  i n  undis turbed 
flow 

Cp : l o c a l  pressure  c o e f f i c i e n t  

0,  T: coordinates  i n  a s u r f a c e  system 

dS: e1ementa  1 s u r  face  

d'E: elemental  fo rce  a c t i n g  on dS 

-P: t o t a l  fo rce  (components X, Y, Z) 

0: o r i g i n  and po in t  of r e fe rence  f o r  fo rce  moments 

-r: r ad ius  vec tor  from 0 t o  dS 

g: moment i n t e g r a l  of e lemental  fo rces  

MJ;: moment of t o t a l  f o r c e-
-1,r" : i t s  arm-

s t :  t angen t i a l  shadow curve 

Sc: c a s t  shadow curve 

i v  



B. 

C. 

E l l i p t i c a l  Cone: Or ig in  a t  t i p ;  flaw toward it. 

a: l eng th  u n i t  on x-axis (which i s  taken as cone axis) 

0: 	 su r face  coordinate ,  here  a l s o  serv ing  as mul t ip l i ca ­
t o r  t o  express absc i s sas  x i n  terms of a 

b y  c: e l l i p t i c a l  semi-axes a t  0 = 1; b > c 

B, C: semi-axes of cone base (where rs = Ob) 

E: 	 numerical e x c e n t r i c i t y  of t he  e l l i p t i c a l  c ross  
s e c t i o n s  

w: 	 angle  made by top meridian and cone a x i s  ( t i p  
ang le )  

q = �2 cos20 

2: absc i s sa  of cent ro id  i f  placed on cone axis. 

Coaxial Cy l ind r i ca l  Afterbody: Origin a t  cone t i p  (as above). 

g, c: semi-axes of i t s  cross  s e c t i o n ,  p a r a l l e l  t o  B and C;  
T y -

B y  C S By C 

A = (C"/B)2 

Iv 
a, T: su r f ace  coordinates  on cy l inder  

x,, = sob: cone length  

xc = sac: t o t a l  l ength  of composite body 

h = a ( a c  - ab): cy l inder  length  

0 = *(?): equat ion of c a s t  shadow curve on cy l inder  

w
T = 0: t a n g e n t i a l  shadow l i n e  on cy l inder  

R: 	 cross  s e c t i o n a l  rad ius  i f  cy l inder  is  c i r c u l a r ;  
R S C  

p = R/B 
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-2.: f o r c e  a c t i n g  on cy l inde r  

-3: i t s  moment wi th  r e s p e c t  t o  cone t i p  

P: a b s c i s s a  of cy l inde r  cen t ro id  

x" : cen t ro id  a b s c i s s a  of composite body (cone and 
tot a f te rbody)  

D. Biparabol ic  Conoid: Or ig in  a t  t i p ;  f low toward it. 

a: parabola  parameter,  used as u n i t  l eng th  

a: 	 ang le  made by top meridian and conoid axis ( t i p  
ang le )  

A h 


B, C: I 1  semi-axes" of b i p a r a b o l i c  base  (Figure 4 )  


2
x,,, = 2aab: conoid length  

X: 	 wedge angle  made by the  x,y-plane and any plane 
through y-axis  

~­
m = J(xb/a) s i n  2 w  

A =  (1 + m2) a r c  m 
m3 

K = Jl 4- (%/B)2 


B: see E l l i p t i c a l  Cone 


X* : absc i s sa  of cen t ro id  i f  placed on conoid axis. 


Base: OriginE. C i r cu la r  Cone w i t h  Spher ica l  Sec t ions  Capping Its~- . 

a t  sphere nose; f low toward it.$ 

B, �2: cone base and sphere r a d i i  

a: 	 cone l eng th  


xb : d i s t a n c e  of cone base from o r i g i n  


v i  



p, p: su r face  coordinates  on sphere 

Ivu, p: su r f ace  coordinates  on cone 

'v

p*: def ines  t angen t i a l  shadow meridian on cone 

X, ?: 	 y-components of t he  t o t a l  fo rces  a c t i n g  on s p h e r i c a l  
cap and cone, r e spec t ive ly  

P: cent ro id  absc i s sa  of cone a lone  

xtot: cent ro id  absc i s sa  of composite body (capped cone)* 

F. The Modified Approach: a x Oo. 

W: l o c a l  angle  of a t t a c k  a t  s t agna t ion  po in t  

C;: p ressure  c o e f f i c i e n t  a t  s t agna t ion  poin t  

Cp : pressure  c o e f f i c i e n t  elsewhere 

Moo: Mach number i n  undisturbed flow 

Y :  r a t i o  of s p e c i f i c  hea t s  i n  the  gas 

a, : 	 ang le  between a t tached  shock and a x i s  of a pointed 
body of r evo lu t ion  (shock angle)  

K = Meow 
Ks = M a  m s  

v i i  
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NEWTONIAN AERODYNAMICS FOR GENERAL BODY SHAPES 
W I T H  SEVERAL APPLICATIONS 

SUMMARY 

I n  the  hypersonic  regime the  Newtonian flow model, e s p e c i a l l y  i n  
i t s  modified form, has been known f o r  some t i m e  t o  produce s a t i s f a c t o r y  
r e s u l t s  regarding a number of b a s i c  body shapes.  It may reasonably be 
expected t o  a l s o  work wel l  w i th  more complicated body geometries as 
presented,  e.g., by r e -en t ry  veh ic l e s .  Because of i t s  s i m p l i c i t y ,  t he  
components of t he  aerodynamic fo rce  and the  l o c a t i o n  of t he  cen t ro id  can 
be ca l cu la t ed  without  the  e l abora t e  e f f o r t  otherwise requi red  i n  gas  
dynamics. The mathematics pe r t a in ing  t o  the  unmodified approach have 
been developed here  f o r  a genera l  s u r f a c e  g iven  i n  a n a l y t i c  terms. Appli­
ca t ions  have been worked ou t  t o  the e l l i p t i c  cone, f i r s t  without ,  then 
wi th  a n  a t t ached  r e a r  c y l i n d e r ,  t o  a conoid of b ipa rabo l i c  c ross  s e c t i o n s ,  
and t o  a b l u n t  body resembling the  Apollo capsule .  The modi f ica t ion  merely 
amounts t o  improving a cons tan t ;  i t  has been descr ibed i n  the l a s t  s e c t i o n  
where a survey of r e s u l t s  as compared wi th  known d a t a  i s  a l s o  given.  

I. INTRODUCTION 

The Newtonian concept s u b s t i t u t e s  f o r  the flowing l i q u i d  an  assemblage 
(poin t  m a s s  a r r a y )  of many minute i n e l a s t i c  p a r t i c l e s  a l l  moving wi th  equal  
and p a r a l l e l  v e l o c i t i e s .  On con tac t  w i t h  a m a t e r i a l  ob jec t  such p a r t i c l e s  
t r a n s f e r  the i r  momenta components normal t o  the  su r face  while  they r e t a i n  
t h e i r  t angen t i a l  momenta car ry ing  them off without  f u r t h e r  e f f e c t  un less  
t he re  i s  a secondary impingement by the de f l ec t ed  stream. There i s  no 
a c t i o n  on the  body except  by d i r e c t  h i t s ;  no pressure  e x i s t s  on su r face  
elements sh ie lded  by upstream elements (cont ra ry  t o  la ter  experimental  
evidence).  The formation of a shock, which of course w a s  unknown i n  
Newton's t ime, i s  even now no t  contemplated i n  s imple impact theory.  

This t h e o r e t i c a l  p i c t u r e  of a flowing l i q u i d  and of i t s  a c t i o n s  on 
body su r faces  had soon t o  be abandoned i n  hydrodynamics. It is a l s o  
inadequate w i t h  gas  flows, both subsonic  and supersonic .  But i n  the  
hypersonic  regime, t he  expressions der ived  from i t  f o r  t he  s u r f a c e  pres ­
s u r e  d i s t r i b u t i o n  and concomitant aerodynamic d a t a  y i e l d  va lues  o f t e n  
s u r p r i s i n g l y  c l o s e  t o  those observed exper imenta l ly  or  obtained by more 
exact t h e o r e t i c a l  means. I n  r e c e n t  t i m e s  Newton's method i s  f r e e l y  used 



i n  dea l ing  wi th  such f lows;  it o f f e r s  closed-form r e s u l t s  a v a i l a b l e  i n  
a r e l a t i v e l y  easy manner. It has been found wanting, however, wi th  s u r ­
faces  concave t o  flow d i r e c t i o n  and i n  gases  w i t h  excep t iona l ly  low r a t i o  
of s p e c i f i c  hea t s  approaching u n i t y  ( fo r  explana t ion  and examples, s e e  
Reference 1, p. 125-128). Appl ica t ions  seem b e s t  r e s t r i c t e d  the re fo re  t o  
bodies turn ing  convex su r face  p a r t s  toward a n  onrushing gas of ord inary  
desc r ip t ion .  The s imple theory can o f t e n  be improved upon by introducing 
a c o r r e c t i o n  t o  the  l o c a l  p re s su re  c o e f f i c i e n t  based on shock t r a n s i t i o n  
r e l a t i o n s  (modified method). A dependence on Mach number, absent  so  far, 
then appears.  

A hypersonic regime should p r e v a i l  f o r  some time when a space 
v e h i c l e ,  approaching the  e a r t h  wi th  quasi-cosmic v e l o c i t y ,  moves i n  the  
uppermost regions of t he  continuum atmosphere. One would l i k e  t o  pre­
d i c t  t h e o r e t i c a l l y  the  l i f t  and drag the  body w i l l  experience i n  these  
reg ions ,  toge ther  wi th  the  s t a b i l i t y  behavior as depending on the loca­
t i o n  of the  center  of pressure .  

However, t he  body shapes considered i n  the  l i t e r a t u r e  a r e  mostly of 
t he  simple kind,  such as c i r c u l a r  cones and cy l inde r s ,  spheres ,  diamond-
shaped wing p r o f i l e s ,  blunted cones and capped cy l inde r s .  There appears 
t o  be a need t o  sys temat ize  the  method f o r  a p p l i c a t i o n  t o  more complex 
s t r u c t u r e s .  I n  the  fol lowing,  the Newtonian expressions w i l l  be der ived 
f o r  an unspecif ied genera l  s u r f a c e  which is allowed t o  be composite. 
The s t i p u l a t i o n  i s  made t h a t  a l l  i t s  p a r t s  can be descr ibed by a n a l y t i c  
equat ions.  Surface zones h i t  by secondary incidence a r e  n o t  permitted 
t o  e x i s t .  Appl ica t ions  w i l l  be made t o  the  e l l i p t i c a l  cone (with and 
without  c y l i n d r i c a l  appendage), t o  a conoid of b i p a r a b o l i c  cross  s e c t i o n s ,  
and t o  a blunt-nosed body of the  Apollo capsule  types.  

11. IMPACT FLOW MATHEMATICS I N  GENERAL 

The angle  of a t t a c k ,  a, i s  commonly understood as the  angle  made by 
the  d i r e c t i o n  of the uniform flow wi th  a l i n e  chosen wi th in  the  body, 
u sua l ly  the body's a x i s  i f  such an  a x i s  can be def ined .  I n  conventional 
aerodynamics t h e r e  is  r a r e l y  occasion t o  consider  o the r  angles  r e l a t i v e  
t o  flow d i r e c t i o n ,  s i n c e  i t  a f f e c t s  the p re s su re  d i s t r i b u t i o n  only 
i n d i r e c t l y  by way of boundary condi t ions .  But i n  impact f low where every 
elemental  su r f ace ,  i f  h i t  a t  a l l ,  is h i t  from a well-def ined d i r e c t i o n  
bear ing on the  elemented f o r c e  t r a n s f e r r e d ,  a l o c a l  angle  of a t t a c k  m u s t  
be defined which w i l l  depend on the p o s i t i o n  of t he  l o c a l  su r f ace  element 
as indica ted  by i t s  i n t e r i o r  normal. Let the  l a t t e r ' s  d i r e c t i o n  be given 
by the  u n i t  vec to r  

-n = n l i  + n2j  + n3k 

2 




where i, j and k a r e  u n i t  vec tors  on the  axes of the  Car tes ian  system i n  
which the  body's s u r f a c e  i s  descr ibed.  The u n i t  vec to r ,  2, i n  flow d i r ec ­
t i o n  w i l l  u sua l ly  be l inked t o  the  p o s i t i o n  of t he  a x i s ;  i t s  expression 
w i l l  then conta in  c e r t a i n  t r igonometr ic  func t ions  of a which cannot be 
obtained be fo re  a p a r t i c u l a r  body-flow conf igura t ion  is  considered. A t  
t h i s  s t a t i o n  we t h e r e f o r e  w r i t e ,  i n  gene ra l ,  

-v = ali + a2j + a,k. 

The two vec to r s  2 and 2 def ine  the l o c a l  plane of incidence which i s  
normal t o  the  elemental  su r f ace  and i n t e r s e c t s  w i t h  i t s  t angen t i a l  plane 
i n  a s t r a i g h t  l i n e ,  t. The angle  t makes wi th  the  d i r e c t i o n  i s ,  i n  
genera l ,  considered the  l o c a l  angle  of a t t a c k ,  aioc. More convenient t o  
handle,  however, is  i t s  complement , 

Tt
a' = 7 - TOC ( 3 )  

s i n c e  a ' ,  as the  a c u t e  angle  between flow d i r e c t i o n  and the  i n t e r i o r  
J;normal ,  is  e a s i l y  ob ta inab le  from the  s c a l a r  product  

3 

cos a' = 1. = c n ai i' ( 4 )  
i=1 

In  t h i s  way one e l imina tes  the  somewhat bothersome t a s k  of determining 
the l i n e  t which, except f o r  aloe, has l i t t l e  i n t e r e s t ,  whereas 2 gives  
the  d i r e c t i o n  of the  l o c a l  force .  To be s u r e ,  the  t a n g e n t i a l  momentum 
of the s t r i k i n g  p a r t i c l e  i s  c a r r i e d  away i n  the d i r e c t i o n  of t ,  bu t  t h a t  
momentum component i s  i n e f f e c t i v e ,  secondary h i t s  no t  being admit ted.  

Aside from terms s m a l l  of second order ,  t he  l o c a l  pressure  coef­
f i c i e n t  w i l l  be t h a t  of a f l a t  p l a t e  under the  angle  of a t t a c k  aloe. 
Newton's second l a w ,  i f  appl ied  t o  normal momentum t r a n s f e r ,  g ives  the  
express ion 

cP = 2 s i n 2  aloc 

J­


"The i n t e r i o r  normal, i f  def ined as the  axis of t he  elemental  su r f ace ,  
would g i v e  a' t he  meaning of l o c a l  angle  of a t t a c k  i n  agreement wi th  the  
d e f i n i t i o n  of t he  o v e r a l l  angles .  

3 



which, through r e l a t i o n s  (3) and ( 4 )  goes i n t o  

Expression (5) i s  w e l l  known (Reference 2, p. 6 ) ;  i t  uses the  continuum 
not ion  of dens i ty  t o  desc r ibe  the  mass of the  p a r t i c l e s  per  u n i t  volume 
of the incoming flow. The elemental  f o r c e ,  as usua l ,  i s  obtained from 
the  c o e f f i c i e n t  Cp by mul t ip ly ing  i t  wi th  the  l o c a l  su r f ace  element, dS,  
and wi th  the dynamic pressure ,  

of the undisturbed flow which is taken as known. Thus, 

The l o c a l  f o r c e  is small of second order  and po in t s  i n t o  the  d i r e c t i o n  n. 
The determinat ion of E and dS c a l l s  f o r  the  methods developed i n  the  diT­
f e r e n t i a l  geometry of sur faces .  Here, l u c i d  and syrmnetric formulat ions 
emerge when the  su r face  i s  given a point-wise r e p r e s e n t a t i o n  

x = x(0 ,7)  

Y = Y ( O , T >  

z = Z ( 0 , T )  } (9) 

The v a r i a b l e s  0 and z w i l l  move wi th in  c e r t a i n  "natural"  i n t e r v a l s  i n  
order  f o r  the  Car t e s i an  t r i p l e t s  x ,  y ,  z t o  exac t ly  embrace the  su r face  
po in t s .  Often,  0 and z w i l l  be found by geometric reasoning which may 
lead t o  a c l e a r e r  v i s u a l i z a t i o n  of su r face  f e a t u r e s  and, by t h e  way, may 
suggest  s eve ra l  a t t r a c t i v e  ways of introducing these  v a r i a b l e s .  On the  
o ther  hand, one might be q u i t e  formal about it, pu t t ing  x = 0 ,  y = z, 
z = f ( 0 , a ) .  

Representat ion (9)  o f f e r s  the  a d d i t i o n a l  advantage t h a t ,  on ass igning  
parametr ic  va lues  t o  z or  t o  0 ,  it  de f ines  two s e t s  of parametr ic  curves 
on the su r face  
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which c o n s t i t u t e  a c u r v i l i n e a r  (not n e c e s s a r i l y  orthogonal) system of 
coordinates  on it. The l i n e s  (10) a r e  ind iv idua l ized  by the choice of 
T* and cr" a t  which po in t  they i n t e r s e c t .  I n  genera l ,  they must be 
expected t o  be of double curva ture  ( s p a t i a l  curves).  However, they can 
o f t e n  be taken as meridians and c ross - sec t iona l  pe r iphe r i e s ,  i n  which 
case both s e t s  are planar .  I f  i n  doubt one may consul t  the determinant  

where the primes denote d i f f e r e n t i a t i o n  wi th  r e spec t  t o  the one q u a n t i t y ,  
cr or  z, which is  v a r i a b l e  i n  the s e t  considered.  I f  A = 0, t h a t  s e t  con­
s i s t s  of plane curves.  It i s  seen t h a t  i f ,  e .g . ,  the  su r face  r ep resen ta ­
t i o n  (9)  depends i n  the  second degree a t  most on 0 ,  the  curves T~~ = cons t .  
w i l l  be p lanar .  One can then use one of the  planes f o r  a two-dimensional 
r ep resen ta t ion  of the curve i t  conta ins  and thus make the l a t t e r ' s  shape 
and course on the  su r face  more c l e a r l y  understood. 

The su r face  func t ions  (9)  depend on both the  va r i ab le s  0 and T. 

P a r t i a l  d e r i v a t i v e s  wi th  r e s p e c t  t o  them w i l l  be ind ica ted  by correspond­
ing s u b s c r i p t s .  

Regarding f i r s t  t he  vec tor  2, i t s  components fol low from the  s e t  (9)  
as 

1 
Y n 2 = ,  -11 

where 
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The s i g n  appropr i a t e  t o  the  i n t e r i o r  normal can be f ixed  without  d i f f i c u l t y  
once the  func t ions  (9) a r e  known f o r  a p a r t i c u l a r  su r f ace .  

Secondly, t he  elemental  s u r f a c e  i s  g iven  by 

dS = N da d-c (13) 

where day  d.r should be introduced as p o s i t i v e  increments ( the  l a t e r  i n t e ­
g r a t i o n s  must be performed over i n t e r v a l s  i n  which 0 and T increase) .  

The second order  fo rce  d i f f e r e n t i a l  (9)  may now be w r i t t e n  as 

d'r = 2qm(nlal + nfl, + n3a3)' N(inl + j n 2  + kn3) 

( 1 4 )  
E i d'X + j d2Y + k d2Z 

where the  components X, Y, Z of the t o t a l  f o r c e  2 are  o f t e n  ca l l ed  the  
"chordwise," " l a t e r a l  ,If "normal" forces  , r e spec t ive ly .  These terms 
imply t h a t  the  chord is  taken as the  x-axis and t h a t  has no component 
i n  y -d i r ec t ion  ( r a t h e r  than z -d i r ec t ion ) .  They must be exchanged wi th  
d i f f e r e n t  co r re l a t ions , and  may even l o s e  meaning a l t o g e t h e r  wi th  h ighly  
i r r e g u l a r  bodies.  But i n  any case the de te rmina t ion  of is  reduced t o  
a double quadrature  which can always be c a r r i e d  out  e i t h e r  a n a l y t i c a l l y ,  
o r ,  f a i l i n g  t h a t ,  numerical ly .  

I n  a d d i t i o n  t o  the  r e s u l t i n g  fo rce  the re  w i l l  be a r e s u l t i n g  
moment of the elemental  forces :  

where 

-r = ix (a ,T)  + j y ( a , z )  + kz(a,T)  

is  the  l eve r  a r m  from the  o r i g i n  (serving as the  r e fe rence  poin t )  t o  the 
elemental  su r f ace ,  dS(o,T) where d 2 g  i s  a t t ack ing .  
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From the  condi t ion  t h a t  should be equal t o  the  moment of t he  
r e s u l t i n g  f o r c e ,  

(16) 

t he  a r m  

of the  r e s u l t i n g  fo rce  can be ca lcu la ted .  However, t he re  a r e  i n f i n i t e l y  
many of such arms, s i n c e  a f o r c e  may be moved along i t s  l i n e  of a t t a c k  
wi thout  changing e i t h e r  t h e  t r a n s l a t o r y  or the  r o t a t o r y  e f f e c t .  Mathe­
m a t i c a l l y ,  one of the  L"-components remains indeterminate .  An a d d i t i o n a l  
cond i t ion  

f(X*, 

may be a r b i t r a r i l y  s e t  
follows from the  d e s i r e  
body a x i s .  

I n t e g r a t i o n  L i m i t s  

y*, Z*) = 0 

up which i n  symnetr ical  conf igura t ions  usua l ly  
t o  have the po in t  of L" ( the  cen t ro id )  on the  

While the  foregoing formulas a r e  p e r f e c t l y  gene ra l  and d i r e c t l y  
app l i cab le  t o  any a n a l y t i c  s u r f a c e  (or su r face  p a r t ) ,  the  de te rmina t ion  
and proper t rea tment  of sh ie lded  a r e a s  o f t e n  r e q u i r e  pa ins tak ing  d e t a i l  
work, e s p e c i a l l y  i f  t h e r e  a r e  seve ra l  such a reas  (which may or'may not  
over lap) .  The problem remains simple when the "shadow" is  a s i n g l e  
po in t  or  an open l i n e  (enclosed a r e a  ze ro ) ,  because then the reduct ion  
i n  fo rce  is  a zero  quan t i ty ,  and the n a t u r a l  0- and - i - intervals  can s t i l l  
be used when i n t e g r a t i n g .  

Two types of sh ie lded  zones can be d is t inguished:  those c rea ted  by 
the  bulk of t he  body as it  opposes i t s e l f  t o  t he  s t ream ( t a n g e n t i a l  shadow 
curve) ,  and those caused by the  shadow cy l inde r s  through t h i s  curve and 
through sharp  r i m s  or  edges t h a t  may e x i s t  on t h e  su r face  ( c a s t  shadow). 

With the  f i r s t  type,  the graz ing  flow vec to r  w i l l  r e s i d e  i n  a plane 
t a n g e n t i a l  t o  t he  s u r f a c e  and thus be perpendicular  t o  the  i n t e r i o r  normal 
a t  the  po in t  of contac t .  It then has t o  s a t i s f y  the  condi t ion  
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111. THE ELLIPTICAL CONE I N  SIMPLE IMPACT FLOW 

With the  t i p  of the  cone a t  the o r i g i n  and i t s  a x i s  co inc id ing  wi th  
the  x-axis (Figure l), i t s  equat ion can be w r i t t e n  as 

implying t h a t  the  cross  s e c t i o n  a t  any s t a t i o n  x = const .  is  always an 
e l l i p s e  wi th  a x i s  r a t i o  b/c .  The lengths  of t he  h a l f  axes a t  the  base 
a r e  denoted by B and C .  Surface po in t s  wi th  x < 0 w i l l  no t  be considered. 

Figure 1. The E l l i p t i c a l  Cone 
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One ver i f ies  e a s i l y  that the  coord ina te  t r i p l e t s  connected by equa­
t ions  (20) can be represented  as 

x = a o  

y = bo cos z 

z = co s i n  z 

The v a r i a b l e  o here  is  a pure number t h a t  counts t he  d i s t a n c e  x from the  
o r i g i n  i n  terms of the  u n i t  a. I f  o ob i d e n t i f i e s  t he  d i s t ance  of the 
base (q = aob being the  cone l eng th ) ,  t he  v a r i a b l e  u w i l l  range i n  

which i s  i t s  n a t u r a l  i n t e r v a l .  The parametr ic  l i n e s  u = u* (second 
family i s  the  s e t  (10))  a r e  c u t  ou t  by planes pa ra l l e l  t o  the  (y,z)­
plane;  they a r e  the  c ros s  s e c t i o n a l  e l l i p s e s  of the  cone. Condition (11) 
f o r  p lanar  curves is  s a t i s f i e d ,  s i n c e  the  d i f f e r e n t i a l  quo t i en t s  of x 
with  r e spec t  t o  z are  a l l  zero.  

The su r face  l i n e s  'c = a" (first  fami ly)  are a l s o  p lanar  (x, y,  z 
depend l i n e a r l y  on 0 ) .  They pass through the  o r i g i n ,  s i n c e  u can become 
zero.  Their planes 

being p a r a l l e l  t o  t he  x-axis ,  t he re fo re  i n t e r s e c t  on it. Any one of these  
meridional  planes de f ines  two genera t ing  l i n e s ,  members of t he  f i r s t  family.  
I f  it makes the  angle ,  p, w i t h  the  (x, y ) -p lane  (Figure l), i t  can a l s o  be 
descr ibed by the  equat ion 

It follows t h a t  

b t a n  p = c t an  a (23) 

where z has been w r i t t e n  f o r  z9:, s i n c e  z" can be any of the angles  a. 
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To c l a r i f y  the  meaning of z geometr ica l ly ,  consider  Figure 2, which 
uses the  c ross  s e c t i o n a l  a r e a  a t  the  d i s t a n c e  (5 = 1 .  The plane (22b) 
i n t e r s e c t s  wi th  the  e l l i p t i c a l  circumference a t  po in t  R. The po in t  
is on a c i r c l e  of r ad ius  b concent r ic  wi th  the  e l l i p s e  and has the  
y-coordinate i n  common w i t h  R(P = y) .  To show t h a t  t h e  angle  z, as 
ind ica t ed  i n  Figure 2, bears  t h e  r e l a t i o n s h i p  (23) w i t h  p we note  that 

c 	 t he  condi t ion  = y, i f  introduced i n t o  t h e  equat ions of t h e  c i r c l e  and 
the  e l l i p s e ,  r e q u i r e s  t h a t  

But = b s i n  z, so  t h a t  z = c s i n  z. Furthermore, 7 = y = b cos z. 

t 


Figure 2. Rela t ionship  of z and p 
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i s  the  common numerical e c c e n t r i c i t y  of t he  e l l i p s e s .  It then follows 
from the  expressions (14), (25), (26) t h a t  

d2X = -4q bco do (
s i n  w cos a - cos w s i n  a s i n  7 j 2  

d 7  
00 1 - q cos,% 

d2Z = -4qm aba do (s i n  w cos 	a - cos w s i n  a s i n  ,c12 s i n  T dT.1 - q cos% 

On i n t e g r a t i n g  over t he  i n t e r v a l s  0 5 o 5 ob and -n/2 5 T 5 Tt,the fo rce  
c o e f f i c i e n t s , i f  r e f e r r e d  t o  the  base a rea  

a r e  found as 

1 + &iTtcos 
- 2 s i n 2 a  
- ;E2 (22 + T t  +& t g  w cotg a I n  

1 -6cos a 
+ 

t 

+ 4(tg2w cotg2a -u)c 4 
(2 + a r c  tan  

4i=Tq?!Itan 

2 s i n 2 a  1 +z lq  cos 7 

'z = -
fi �2 tan  w {cos Tt + 2 (tgzw cotgza  -u)I n  

1 - t +
4 cos a 

t 

+ 2 t g  cotg a 5 + 7 - (: + a r c  t an  
.$1-sL tan at)l). 
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The p r i n c i p a l  va lue  ( i n  <-zyf i f i  >) of the  a r c  tan- func t ion  must be taken 

here.  The numerical  va lue  of T~ fol lows from r e l a t i o n  ( 2 7 ) .  Expressions 
( 2 8 )  need be used only w i t h  a > w. They s impl i fy  considerably when t h e r e  
i s  no t a n g e n t i a l  shadow zone on the  s u r f a c e  (a 5 w; T~ = fi/2) and can then 
be s e t  i n t o  the  form 

c x = 2  f - 4- sin'a cos2w + cos2a sin2w>I4 m 
} a 5 w .  

= 2 s i n  2 a  cos'w 1 - 4 1  - Q 

cz 4 

The known formulas f o r  the c i r c u l a r  cone (Reference 2 ,  p. 80-84)  a r e  
obtained from expressions ( 2 8 )  and ( 2 9 )  by l e t t i n g  q approach zero.  

On account  of the  symmetrical conf igura t ion ,  t he  t o t a l  fo rce  
-P = i X  + k Z  i s  i n  the  (z ,x)-plane and can be s p l i t  there  i n  two com­
ponents , one i n  the  d i r e c t i o n  of incidence (drag)  the o the r  perpendicular  
t o  i t  ( l i f t ) ,  t he  c o e f f i c i e n t s  becoming 

cD 
= Cx cos a + C z s i n  a 

= - c s i n  a + C cos a
cL X z 

There is  no l i f t  w i th  a = 0. 

By somewhat labor ious  in t eg ra t ions  i t  can be shown t h a t  the moment 
(15), needed f o r  the  determinat ion of the  cen t ro id ,  has ne i the r  an i­
nor a k-component. From the  symmetry of the  flow-body conf igura t ion ,  one 
would indeed expect  t h a t  the  moment should seek t o  tu rn  the  body about  
an  y-axis p a r a l l e l .  It a t t a i n s  the  form 

M_ = -4 
qm j b(a2  + c') cr2 F(a t )

3 b 
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where the  i n t e g r a l  

s i n  w cos 	a - cos. w s i n  a s i n  T ) ~ 
1 - q cos+ s i n  T d z  

a l s o  appears i n  the  Z-component of t he  t o t a l  f o r c e  which may be w r i t t e n  
as 

Z = -2qm ab  0'
b 

F (a t ) .  

The moment (16) of the  t o t a l  fo rce  emerges as 

i j k l  

J-

Requiring E'' = M_ one sees  t h a t  y" must be zero.  This i s  understandable,  
s i n c e  the  fo rce  i s  i n  the  (z ,x)-plane,  i t s  a r m  r* ( r e l a t i v e  t o  0 )  must 
have the  same property.  Moreover, i f  we l e t  t he  f o r c e  a t t a c k  a t  a po in tJ: of the  body- (x-)-axis,  the  arm w i l l  be p a r t  of t he  l a t t e r  

-L

z" = 0. 

This is  the form taken here  by the  condi t ion  (17) .  The e q u a l i t y  of 
moments then leads  t o  
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The l o c a t i o n  of the cen t ro id  depends only on the  length ,  q, of the  cone 
and on the  ha l f -angle  w. With these  parameters preserved,  i t  does not  
vary  i f  the  ang le  of a t t a c k  o r  the e l l i p t i c a l  shape, o r  both,  a r e  changed. 
The formula is  known f o r  c i r c u l a r  cones, bu t  o f t e n  der ived employing the 
normal fo rces  alone* and then does not  conta in  the  denominator cos2w, 
which indeed is  n e g l i g i b l e  f o r  s m a l l  va lues  of w. Yet i t  w i l l  be noted 
tha t ,w i th  a 35-degree cone, the  cent ro id  i s  a l r eady  c l o s e  t o  the  base 
and moves out  of the  body i f  w i s  increased f u r t h e r .  Since the  mass 

3cen te r  i s  a t  T; xby s l ende r  cones a r e  not  s t a b l e .  S t a b i l i t y  begins a t  

w = 20 degrees.  

The r e s t r i c t i o n  t o  the  symmetric case maintained s o  f a r  is  tantamount 
i n  r e a l  f l i g h t  t o  permi t t ing  p i t c h  angles  only. I f  i t  i s  des i r ed  t o  con­
s i d e r  yawed and r o l l e d  pos i t i ons  as we l l ,  one may use the  same body-fixed 
(x,y,z)-system as before .  The u n i t  v e c t o r ,  2, of incidence,  however, w i l l  
have the  gene ra l  form (2)  where the  d i r e c t i o n  cosines  ai a r e  determined by 
the instantaneous f l i g h t  d i r e c t i o n .  The simple shadow boundary condi t ion  
(27)  w i l l  be replaced by 

c ni ai = 0 ,  

and the d i scuss ion  of i n t e g r a t i o n  l i m i t s  w i l l  become l e s s  s t r a igh t fo rward ;  
both lower and upper boundaries of T might be a f f e c t e d .  The i n t e g r a t i o n s  
can s t i l l  be c a r r i e d  ou t  a n a l y t i c a l l y ,  as the  fo rce  d i f f e r e n t i a l  assumes 
the  form 

cos -c - ~ 3 .  

d2P- = 2abcqm (% + C 
s i n  -c)2 i cos T - k s i n  dT ado. 

1 + C O S ~ T  + sin2-r b C 

2 b2 C2 

Closed expressions �or the  fo rce  components can be obtained from a t a b l e  
of indeterminate  i n t e g r a l s .  The Y-component i s  no longer  i d e n t i c a l l y  
zero ,  and the  f u l l  range (24a) f o r  T m u s t  be r e t a i n e d  when seeking out  
the i n t e g r a t i o n  l i m i t s .  

"See Ref. 2 ,  p. 84. M r .  E. Linsley seems t o  have been among the  f i r s t  t o  
i n s i s t  t h a t  t he  chordwise forces  can make a s i g n i f i c a n t  con t r ibu t ion  
t o  the  moment of a c i r c u l a r  cone. 
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The t a n g e n t i a l  shadow l i n e  on the  cy l inde r  obviously is the  genera­
t r i x  f = 0 (as can a l s o  be seen  from the  t a n g e n t i a l  condi t ion  * n = 0 
which here  r e q u i r e s  Yt = 0). The i n t e g r a t i o n  i n t e r v a l  f o r  7 t he re ro re  i s ,  
a t  most 

3 l ­ 
_ ­2 s T s o ;  

i t  w i l l  be even narrower than t h a t  when the  cast shadow reaches ou t  beyond 
the  cy l inde r  length.  

Shielding through the cone's t angen t i a l  shadow cyl inder  does no t  
occur as one i n f e r s  from inspec t ion .  The somewhat lengthy a n a l y t i c  proof 
i s  omitted here.  However, i f  < B, o r  < C,  t he  cone's base r i m  w i l l  
cause a n  edge shadow curve t o  appear on the  cy l inde r ' s  lower sur face ,  
c u t t i n g  o f f  i t  a n  unimpinged zone. 

The coordinates  of po in t s  on the  e l l i p t i c  r i m  l i n e  may be w r i t t e n  as 

"r = "b 7 
(35) 


r 

The flow vec to r s  passing through the-upper po in t s  of t he  base per iphery  
m i s s  the  cy l inder ,  and, except  when B = B, even the  shadow c a s t  by an  
ou te r  segment of t he  lower per iphery w i l l  no t  s t r i k e  it. For i n t e g r a t i o n  
purposes the  v a r i a b l e  T thus w i l l  move i n  

where the va lue  of 'tmaXis zero  o r  negat ive.  It is  a s soc ia t ed  wi th  the  
p a r t i c u l a r  g e n e r a t r i x  of t he  shadow cyl inder  that is tangent  t o  the  
ma te r i a l  cy l inder ;  i .e.,  t h a t  touches i t  somewhere along t h e  l i n e  ? = 0. 

The shadow g e n e r a t r i c e s  (19) here  have t h e  form 

x - x  2 - z  r - r-Y = Y r  cos a s i n  a 
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If t h e  cy l inder  t r i p l e t s  (32) and the r im t r i p l e t s  (35) are introduced,  
t hese  r e l a t i o n s  go i n t o  

cos ? = B cos z 
N

(x - %) s i n  a = (E  s i n  z - c s i n  7) cos cx 

.”
where the  p a i r s  q,T and x, T, r e spec t ive ly ,  i d e n t i f y  a p o i n t  of 
depar ture  on the  (lower) cone base l i n e  and the  corresponding p o i n t  
of arr ival  a t  t h e  cy l inde r  su r face .  

Since zmx i s  a s soc ia t ed  w i t h  ? = 0, the  f i r s t  of t he  r e l a t i o n s  
( 3 6 )  gives  

B”= ­cos T max B (37) 

which equat ion,  as shown above, must be solved by a negat ive  va lue  
(except wi th  = B where Tmx = 0) .  The x-coordinate ,  XI = a a l ,  of 
the  p o i n t  of contac t  along the  l i n e  ? = 0 can be obtained from the  
second equat ion ( 3 6 )  : 

The r i g h t  s i d e  he re  is  no t  nega t ive ,  so  t h a t  x1 B Xb, as one expects .  

The c a s t  shadow l i n e  on the  lower po r t ion  of the  cy l inder  thus 
begins  a t  ? = 0, cr = crl and cont inues toward the  nethermost g e n e r a t r i x ,,..z = - fi/2, which va lue ,  by the  f i r s t  r e l a t i o n  (36), corresponds t o  
T = - n/2.  Thus, the  a b s c i s a ,  x2 = acr2, of the l i n e ’ s  low po in t  i s  
given by 

-
(x2 - x,) s i n  a = (C - C) COS a. 

The r i g h t  s i d e  aga in  is  not  nega t ive  ( s ince  we assume t h a t  e 5 C ) ,  and 
t h e r e f o r e  x2 2 q. 
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If e i t h e r  one of t h e  d i f f e rences  (xl - xbly (x2 - xb) i s  l a r g e r  
than the  cy l inde r  l eng th  h = xc - xb, e i t h e r  T = 0 o r  T = - rs/2 
cannot be reached by the  cast shadow boundary on t h e  cy l inde r ,  and 
t h e  i n t e r v a l  - rr/2 5 5 0 must be c u r t a i l e d  accordingly.  This can 
be decided w i t h  the  a i d  of t he  system ( 3 6 )  which i n  fac t  is  t h e  equa­
t i o n  of t he  shadow curve sc  i n  terms of t he  parameter T. One w i l l  
have t o  determine a t  what va lue  (or va lues)  of 7 t he  l i n e  sc leaves  
the  cy l inde r  su r face .  I f  i t  does so ,  t he  curve sc  (shown i n  Figure 3 )  
would i n t e r s e c t  w i t h  the  l i n e  5 = oc, thus extending the  cast shadow 
reg ion  and removing a c e r t a i n  domain of nega t ive  ?-values from the  
i n t e g r a t i o n  i n t e r v a l .  

For s i m p l i c i t y  we assume t h a t  
cy l inder  i s  long enough t o  have an  
f u l l y  "il luminated." Regarding the 
w i l l  then be the  n a t u r a l  l i m i t  0 = 
vary  according t o  the  v a r i a t i o n  of 
by e l imina t ing  T from the  s e t  ( 3 6 ) ,  

t h i s  i s  no t  t he  case ,  i .e . ,  t h a t  the 
underside a r e a  near  i t s  r e a r  end 

i n t e g r a t i o n  over a, the  upper l i m i t  
aC. The lower l i m i t ,  however, w i l l  
a along the  curve sc whose equat ion,  

can be put  i n t o  the  form 

The va lues  of CI a t  t h e  i n t e r v a l  te rmina ls ,  = 0 and = - g / 2 ,  a r e  a p t  
t o  be i n  any r a t i o  depending on the  axis r a t i o s  E/B and e / C .  A s  one 
would a l s o  expect ,  t h e r e  is  an  extremum a t  ? = - fi/2, e i t h e r  a maximum 
o r  a minimum. I f  (E/B)' 2 ( c / C ) ,  a second extremum (a minimum) may 
e x i s t .  Figure 3 i s  a schematical  ske t ch  of t he  geometry involved, 
drawn up i n  the  (?,a)-plane.  Half of the  n a t u r a l  ? - in t e rva l  must be 
excluded on account of the t angen t i a l  shadow l i n e ,  s t ,  while  i n  the  
r e s t  a r e a  t h e  n a t u r a l  a - i n t e r v a l  is  trimmed down by the  c a s t  shadow 
boundary, sC. 

The i n t e g r a t i o n  w i t h  regard t o  a proceeds from a = q(? )  t o  a = Oc 
( increas ing  va lues ) .  The second-order d i f f e r e n t i a l  ( 3 4 )  then y i e l d s  
the  f i r s t - o r d e r  d i f f e r e n t i a l  

d z  = - 4q a sin'% s in3-? [ac - +(? ) I  d?. 
W 
 E' s in2?  + E' cos2? 

The quadrature  i n  - n / 2  < T < 0 w i l l  be c a r r i e d  ou t  f o r  two types 
of cy l inde r s  where it is r e l a t i v e l y  easy. 
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Figure  3. Shadow Geometry on Attached Cylinder (Schematic) 

A. The cy l inde r s  touch the  major axis terminals  of t he  cone base  
(E =I BZ. The curve sc descend: here  gram the  maximum 02 t o  a m i n i "  
csl a t  T = 0. The func t ions  $ ( T )  and 2 take the  form 

,., 
= ab + +(c"- C >  s i n  T cotg a 

- - (C - E )  24x + 

4 (JA+112 
cotg a1 
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where 

2 


A = ( $ .  

It i s  requi red  t h a t  

the  cy l inder  m u s t  have s u f f i c i e n t  l eng th  t o  accommodate the  e n t i r e  shadow 
boundary sc. Otherwise, z" assumes a d i f f e r e n t  form. 

Two s p e c i a l  cases  s tand  out  here:  

(a)  	 c" = C: t he  cy l inde r  r o o t  i s  f l u s h  wi th  the  cone base.  
The curve sc  reduces t o  a = ob, meaning t h a t  t he re  is no 
shadow c a s t  on the  cy l inde r .  The express ion  (39) f o r  
l o ses  the  s u b t r a c t i v e  second term i n  the  bracke ts  (as i t  
would i n  cross-flow, a = goo) .  

(b) = 0: the  cy l inder  degenerates  i n t o  a ho r i zon ta l  p l a t e  
of width 2B and length  h 2 C cotg a. The c a s t  shadow 
curve ( 3 6 )  is  the  e l l i p s e  

A l i m i t i n g  process requi red  as A 4 0 c a r r i e s  exp e s s ion  (39) i t o  

= BqW s i n 2 a  (4h - fiC cotg a)  2 BCqm s i n  2a (2 - :). 
For comparison, the  Z-component f o r  a f u l l y  impacted c i r c u l a r  cone 
(a 4 w, q = 0)  follows from the  second express ion  i n  the  system (29) as 

Z = fiBCqWs i n  2a  cos2w, (B = C), 

s o  t h a t  the  l i f t  of the composite body w i l l  be  no t i ceab ly  l a r g e r  than t h a t  
of the  cone a lone .  The drag i s  l e s s  a f f e c t e d ,  a l though enlarged,  too. 
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B. The cy l inde r s  a r e  c i r c u l a r ,  = fi = R, I3 2 C h R. The quan t i ty  

..,
p = - = - RB


B B 


i s  a t  most equal t o  u n i t y ,  s o  t h a t  the square r o o t  i n  *(?) is  r e a l .  
Expression (38) t e l l s  t h a t  

0 1  = *(O) = Ob + c m cotg a a 

02 = * ( - d 2 )  = ab + -	- cotg a . a 

The curve sc ascends from the  minimum cr2 t o  the o rd ina te  0 1  a t  ? = 0 
(which is  not  a maximum). The r e a r  end of the  cy l inder  is f u l l y  i l lumin­
a ted  i f  

Oc 2 01, 

or  i f  the  cy l inde r  l eng th ,  h = a (oC - a,), s a t i s f i e s  the condi t ion  

h 2 C cotg a, 

on which we w i l l  base the  fo rce  computation. 

The d i f f e r e n t i a l  d Z  s i m p l i f i e s ,  s i n c e  here  

E2 s in2?  + E2 cos‘T = R ~ ;  

one obta ins  from i t  
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The fo rce  decreases  w i t h  decreasing cy l inde r  r ad ius  and cy l inde r  length  
(which, however, must no t  s i n k  below the  above lower bound; otherwise,  
2 would be a d i f f e r e n t  express ion) .  I f  t he  normal f o r c e  c o e f f i c i e n t  i s  
r e f e r r e d  t o  the  long i tud ina l  c ross  s e c t i o n ,  2Rh, 

c0” = -4 
2 3 

with  cx = go”, which is  the  known va lue  f o r  a c i r c u l a r  cy l inde r  i n  
Newtonian c ross  flow (Ref. 2, p. l o ) .  

I n  c a l c u l a t i n g  the  moment, E, of the  fo rces  d2z one b e s t  takes  
the  cone t i p  ( t he  o r i g i n )  as the po in t  of r e fe rence  again.  The in t eg ra ­
t i o n  over cs of express ion  (15) extends from cs = *(?) t o  cs = oC. One 
f i n d s  t h a t  

0 

E = 2 j  q, a2E3 s i n 2 a  s in3? d?. 
ii s in2?  + E cos2? 

The remaining integrand is  e l l i p t i c  except i n  the  c a s e A ( %  = B) where the  
square r o o t  i n  the  express ion  f o r  I) vanishes .  Taking t h i s  case f o r  
i l l u s t r a t i o n ,  

1 - E2 I n  u)1 - E  + 

where 

A = - 	 - E cotg , E 
-

= 
-2 

a B 
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Since the  minor cy l inde r  semi-axis, c", is  always smaller than  the  major 
semi-axis,  B , t he  numerical e c c e n t r i c i t y ,  E ,  of the  cy l inde r  c ross -
s e c t i o n  can never become zero.  The l a r g e s t  va lue  t h a t  c" may a t t a i n  is 

= C when t h e  cy l inde r  and cone bases a r e  congruent (? = E )  and 
assumes the  much s h o r t e r  form 

B s i n 2 a  1 - E2 = -2 j  q, 
E2 

which we w i l l  use  i n  the  following. The condi t ion  fi = E then g ives  

x* = xc 	+ "b 
2 

Thus, the  cen t ro id  of t he  cy l inder  is  a t  i t s  midpoint,  as one should 
expect ,  s i n c e  a c a s t  shadow does no longer e x i s t .  

The cy l inde r  and cone moments both r e f e r  t o  the  o r i g i n  and can be 
v e c t o r i a l l y  added t o  o b t a i n  the t o t a l  moment. The cent ro id  of t he  t o t a l  
fo rce  can then be shown t o  have the  absc i s sa  

x* = x*z + 2% 
Yt o t  z + z "  

when sought  ou t  on the  body a x i s .  I f ,  aga in  f o r  s i m p l i c i t y ,  we assume 
the  cone as f u l l y  i l lumina ted  (a 5 w), then from expressions (29),  (31),  
(39) and (40)  

2Jl 1 + Ec . 2  1 - � ­x>" = 3c% cos a 
cos 
r 

w 
+ x 2 - <  s i n  a 1 - l - � 2I n  ­

1 + E  
tot fi c cos a (1 - ~ q + (xc) - s i n  a jl - 1 - E  

I n  -)2E 
1 - E  

where the  abbrev ia t ions  

q = e2 cos2w and A = (C/B)2 = 1 - e2 

have been used. The ang le  a can become 0", bu t  no t  90". I n  the  f i r s t  
case xgot = x'" (cone cen t ro id ) ,  s i n c e  the  cy l inde r ,  though f l u s h  wi th  

+ p".t he  cone, i s  not  impinged a t  a l l .  With very  long cy l inde r s ,  x : ~ ~  
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I f  t he  c ros s  s e c t i o n s  a r e  c i r c u l a r  (E + 0) ,  

Here, C is  the  common rad ius  of t he  cy l inde r  r o o t  and cone base.  

V. THE BIPARABOLIC CONOID 

With a n  e l l i p t i c a l  cone the  expressions (28) f o r  t he  fo rce  com­
ponents (a > w) a r e  lengthy.  More concise  formulat ions can be presum­
a b l y  achieved i n  the same flow i f ,  i n  the  (x,y)-plane,  a sharp  edge 
e x i s t s  on the  su r face ,  prevent ing the  formation of a t a n g e n t i a l  shadow 
l i n e .  For example, a body may be constructed whose c ros s  s e c t i o n s  
p a r a l l e l  t o  the  plane x = 0 (Figure 1) a r e  bounded by two symmetric 
parabol ic  a r c s  fac ing  each o ther  and i n t e r s e c t i n g  i n  the  ground plane 
z = 0. Consider t he  two parabolas (parameter a > 0)  

y2 = 2a(z0 iz )  

i n  the  plane x = xo > 0, wi th  the  upper (lower) s i g n  applying i n  the  
upper (lower) half-plane.  The two f i n i t e  a r c s  emerging w i t h  the  res t r ic­
t i o n  0 5 I z I  5 io enclose  the  a r e a  

a r es i n c e  z = 0, y = k Got h e i r  common po in t s ,  and zo is  t h e i r  
he ight .  Writing now 

we ob ta in  a body whose c ros s - sec t iona l  a r e a s  a r e  b i p a r a b o l i c  and taper 
o f f  toward zero  i f  x + 0; the re  is a t i p  a t  the  o r ig in .  The body roughly 
resembles the  e l l i p t i c a l  cone i l l u s t r a t e d  i n  Figure 1, w i t h  which i t  w i l l  
be compared. The plane y = 0 i n t e r s e c t s  wi th  i t  i n  the  s t r a i g h t  l i n e s  

x t an  w iz = o 
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which have t h e  s lope  t a n  w and, i n c i d e n t a l l y ,  a r e  the  only s t r a i g h t  
l i n e s  on the  sur face .  The planform ( i n  the  plane z = 0) i s  the  rim 
p a r  abo1a 

y2 = 2ax t a n  w; (42) 

i t  is  not  a t r i a n g l e  as wi th  the  cone. The t i p  angle ,  w, t h e  body length ,  
xb, and the  parabola  parameter determine the  l eng th  of t he  "semi-axes" 
(Figure 4 )  

h h 
c = % t an  w, B =42a% tan  w 


X 

Figure 4. The Biparabol ic  Conoid 
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I f  % and e remain s m a l l  while  xb grows l a r g e ,  t he  body assumes an  arrow-
l i k e  appearance. I f ,  on the  o ther  hand, t he  parabola  parameter (a) is 
very  l a r g e  and w remains small, a wing-like s t r u c t u r e  emerges. The volume 
of t he  body is  

16
T F B C X b ’  

Jcalmost equal t o  t h a t  of an  e l l i p t i c a l  cone (-3 BC x,,) of equal l eng th  and 

equal base axes.  The bigger  planform is o f f s e t  by the  smal le r  cross  
sec t ions  ( t h e i r  a r e a  r a t i o s a r e  4 /3  and 8 / 3 ~ ,r e s p e c t i v e l y ) .  

One v e r i f i e s  r e a d i l y  t h a t  t he  su r face  (41) can be given the poin t -
wise r ep resen ta t ion  

x = 2aa2 

y = 2 a a ~  (43) 

The n a t u r a l  range of the  v a r i a b l e  a is  

0 s a 5 ab, 

corresponding t o  0 5 x 5 xb. Again, from 

O S +  z s x t a n w ,  

tan  w 2 T* 2 0, 

and thus , 

- & z - - i s  a s G . (44b) ’ 

The negat ive va lues  of T cause y t o  be nega t ive ,  while  the  parenthes is  i n  
the  expression f o r  z is  always p o s i t i v e  (or zero) .  
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Both s e t s  of t he  parametr ic  curves (10) a r e  p lanar ,  s i n c e  the  
coordinates  (43) depend i n  the  second degree only on CT and T .  The curves 
0 = CT*(second family)  are the  b i p a r a b o l i c  arcs. The curves T = T* con­
t a i n  the  o r i g i n  (with CT = 0) and are t h e r e f o r e  i n  the  planes 

z = k ( t an  w - T * ~ ) x ,  y = 2 a i ~ ~ * ( a r b i t r a r y )  

through the  y-axis .  The angle ,  X, they make wi th  the  (x,y)-plane is 
given by 

which r e l a t i o n ,  s i n c e  T ' ~  may be any one va lue  w i t h i n  the  range (44b) imparts 
a geometric meaning t o  the  v a r i a b l e  T. 

For f ind ing  the  shape of the  curves zJi = cons t . ,  consider  one of t h e  
planes,  f i xed  by, say,  a p o s i t i v e  va lue  of X (upper s ign) .  The r o t a t i o n  

x = 6 cos X - 5 s i n  X 

Y ' r l  

z = 5 s i n  X + 5 cos X 

c a r r i e s  t h i s  plane i n t o  the plane 5 = 0. By the  system (43),  the curve 
T ' ~  i n  it i s  descr ibed  by 

5 cos x = Zao2 

7 = 2acrzJi; 

e l imina t ion  of cr gives  

31 




The f i r s t  family t h e r e f o r e  c o n s i s t s  of parabolas  c u t  ou t  of the  conoid by 
planes through the  y;sxis. The planform (42) i s  one of them, correspond­
ing t o  X= 0, o r  t o  T" = t a n  w. It w i l l  be observed t h a t , q u i t e  gene ra l ly ,  
the  r i g h t  parabola  branch (y > 0) i s  a s soc ia t ed  w i t h  a p o s i t i v e  va lue  of 
.c*, the  l e f t  one w i t h  the oppos i t e ly  equal  nega t ive  va lue .  Moreover, the 
s a m e  two va lues  appear w i th  two parabolas ,  one OR the  upper h a l f  (X > 0) 
of t he  body, t he  o the r  on the  lower h a l f  (X < 0).  The fo rce  components 
must be s e t  up s e p a r a t e l y  f o r  the  two halves  ( the  body i s  composite, i n  
f a c t ) .  

The s t r a i g h t  r i d g e  l i n e s  a r e  charac te r ized  by X = 2 w, or  .c* = 0. 
The parabolas grow more s l ende r  i f  X approaches +w and f i n a l l y  degenerate  
i n t o  a s t r a i g h t  l i n e .  A t  the  same time IT^:] becomes smal le r  and is  zero 
a t  the  end. 

From r e l a t i o n s  (12) the  i n t e r i o r  normals a r e  found as 

nl = s i n  
~~ , n 2 = -

20.c cos w 
- 9 

J1 + (20.c cos w)2 41 + (207 cos w ) 2  

- cos w
n3 = + 

41 + (20T cos w ) 2  

while  

N = - 8a2a2 $1 + (207 cos w)2.  
cos w 

The upper s i g n  r e f e r s  t o  the body p a r t  i n  the upper ha l f  space.  

I f  the flow v e c t o r ,  as wi th  the cone, is  given by express ion  (25) 
( the  p a r t i c l e s  a r r i v i n g  from below and behind p a r a l l e l  t o  the (z ,x)­
p lane) ,  equat ion (18) assumes the form 

There can be no t angen t i a l  shadow l i n e  on the  lower p a r t  of the  body (as 
i s  ev ident  from inspec t ion ) .  On the upper p a r t ,  a shadow l i n e  sc  e x i s t s  
wi th  a = w only; it coincides  wi th  the upper r i d g e - l i n e ,  encloses  no 
a r e a  and does not a f f e c t  the forces  (C P = 0 along i t ) .  
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The shadow cy l inde r  through the  rim parabola  (42)  is  found t o  have 
the  rim po in t s  on ly  i n  common wi th  the  body s o  t h a t  a c a s t  shadow curve,  
i n  the  proper sense,does no t  e x i s t  e i t h e r .  However, the  r i m  ev iden t ly  
w i l l  a c t  as shadow boundary i n  c e r t a i n  circumstances.  To d i scuss  these ,  
we consider  a p a r t i c l e  pa th  p i e rc ing  the  ground plane z = 0 on o r  o u t s i d e  
the  rim parabola .  It i n t e r s e c t s  w i th  the  upper su r face ,  i . e . ,  t he  moving 
p a r t i c l e  w i l l  s t r i k e  i t ,  i f  

t a n  w cotg a 3 1. 

The proof ,  omitted here ,  s tarts ou t  wi th  a p o i n t  on the  upper s u r f a c e  and 
follows t h e  pa th  backward toward i t s  i n t e r s e c t i o n  wi th  the  ground plane.  
The choice of t h e  po in t  is completely a r b i t r a r y  s o  t h a t  we can say: as 
long as a 5 w, t he  e n t i r e  upper s u r f a c e  w i l l  be impinged upon; w i t h  a > w 
none of i t  w i l l .  Ins tead  of the  a-dependent shadow l i n e  zt (cone formula 
(27)), we have he re  the  f ixed  boundary 

wi th  a > w. The fo rce  expressions w i l l  be s impler  accordingly.  Applica­
t i o n  of formula ( 1 4 )  gives  

16q
00 

a2 sin"(w 7 a)  o2
d2g = cos w 1 + 4a2z2 cos2w (i s i n  w - 2jo.c cos w i k cos w)dodz 

where the  upper s i g n  r e f e r s  t o  the  elemental  fo rces  a t t a c k i n g  the  body's 
upper h a l f .  On i n t e g r a t i n g  over the  z - i n t e r v a l  

t he  j-component is  found t o  vanish  (dY = 0) leaving  us wi th  

16qm a2 sin2(w ia)  
dE = cos 2w 

o arc  t an  (-) ( i  s i n  w k cos w) do. 
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- -  

Fur ther  i n t e g r a t i o n  over t he  n a t u r a l  range 0 5 ci d cib r e s u l t s  i n  

x = 2q a 2 s i n 2  w ia) [(I. + m2) arc t a n  m - m]-& 
m cos w 

-
z = + x cotg w 

where 

With the  use  of t h i s  abbrevia t ion ,  the  conoid's  base a r e a ,  t o  which the 
f o r c e  component w i l l  be r e f e r r e d ,  may be w r i t t e n  as 

-4 
3 a2(m/cos w13. 

Take a t  f i r s t  a > w (lower s i g n s  apply a lone ) .  Then, by the  system (30),  

- 3 sin3(w + a)  
'D 2 A s i n  w 

3 sin2(w + CX) cos. (w + a) 
C L = ~ A  s i n  w 

where 

1 + m2) a r c  t an  m - m 
A = (  m3 

These expressions a r e  considerably more compact than t h e  corresponding 
cone formulas a r i s i n g  wi th  the systems (28)  and ( 3 0 ) .  It is seen t h a t  
w i th  a s u f f i c i e n t l y  l a r g e  angle  of a t t a c k  (w + a > 90") t h e  l i f t  coef-­
f i c i e n t  is negat ive  ind ica t ing  t h a t  the aerodynamic fo rce  then seeks t o  
d r i v e  the  body beneath the  instantaneous f l i g h t  d i r e c t i o n .  
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With a 5 w, t he  upper p a r t  of the  body is  impinged upon a l s o ,  and 
the  f o r c e  components involving the upper s igns  must be added t o  the  lower 
p a r t  components: 

cD 
= 3A cos a [sin2w cos2a + 3 cos2w s in2a ]  

a s w. 
CL = 3A s i n  a [cos2w (cos2a - s in2a )  + cos2a (cos2w - sin2w) 

The l i f t  c o e f f i c i e n t  he re  i s  p o s i t i v e  up t o  a t  least  w = 45", wi th  a + O "  
up t o  w = 54". The corresponding f i g u r e s  f o r  t he  e l l i p t i c a l  cones are 
w = 36"23' and w = 4 1 ° 4 9 ' ,  r e spec t ive ly .  

With a = w both s e t s  of expressions g ive  

c,, = 1 2 ~sin2w cos3w 
a = w. 

CL = 3A cos w s i n  2w cos 2 

The fo rce  c o e f f i c i e n t s  thus remain continuous i f  the  upper s u r f a c e  passes  
from f u l l  i l l umina t ion  (a < w) i n t o  f u l l  darkness (a > w). Indeed, wi th  
a = w, Xupper = 0, Zupper = 0, meaning t h a t  the flow v e c t o r ,  2, i s  then  
t angen t i a l  t o  t he  upper s u r f a c e  everywhere. 

One may compare the  fo rce  
cone having the  same base a r e a ,  
I n  these  circumstances the cone 

8 A8 (Figure 4 ) ;  B = - By whi le  C37c 
conoid is  by 20 percent  l a r g e r  

c o e f f i c i e n t s  t o  those of a n  equiva len t  
the  same length ,  and the  same t i p  angle ,  w. 
base major semi-axis,  By is  smal le r  than 

A 

= C. A s  a consequence, the  volume of the  

than t h a t  of the  equiva len t  cone. 

Using the  formulas (29)  one f i n d s  t h a t  t he  cone's l i f t  decreases  
wi th  i t s  length ,  xb; i t  remains non-negative even wi th  xb + 0 ,  i f  

2 - 3 s i n  wtan2a 5 1 - s i n  w 

(This must be s a t i s f i e d  i n  a d d i t i o n  t o  t a n  a 5 t a n  w.) 
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I f  RL and RD denote the  l i f t  and drag r a t i o s ,  r e spec t ive ly ,  of t he  
conoid and cone, one can, f o r  small angles  of a t t a c k ,  d e r i v e  the expres­
s ions 

3 (2 cos2w - sin2w).(l. + K s i n  w)
R p p K  K ( 2  cos2w - s i n 2 w )  - s i n  w 

RD = + A K  s i n  w 

where 

K 


Use has been made he re  of the  r e l a t i o n s  

q = cos2w - (3fi/16)* m2 = 1 - K2 sin2w 

which fol low from the  equivalence as s t i p u l a t e d  above. 

As long as t h e  r a t i o  RL is p o s i t i v e ,  i t  increases  wi th  W, ranging 
from RL = 1 (when w = 0)  t o  RL = ~0 (when the  cone l i f t  i s  zero) .  

The drag r a t i o  increases  from RD = 0 (at w = 0)  t o  RD i= 1 (at w = fi/2). 
Thus, if cx = 0, t he  conoid's  l i f t  is  l a r g e r  than t h e t  of the  equiva len t  
cone; i t s  drag is smaller, a l though the  conoid has the  l a r g e r  volume. 

Comparisons when a is  apprec iab le ,  o r  when CX > w, have not  been made; 
the  formulat ions grow r a t h e r  unwieldy then. 

The l o c a t i o n  of the  cent ro id  on the  conoid 's  a x i s  aga in  does not  vary 
wi th  angle  of a t t a c k :  

2 m + 5 m3 - (m2 + 1) a r c  tgm
"b . - . -- __ -.- .x* = 2 cos2w 

(1+ (1 - 2 sin2w) m'r-m + (m' + 1) a r c  t g m ]  I­
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However, t h e r e  i s  a dependency on the  base shape not  found wi th  t h e  
e l l i p t i c a l  cone. Note that the parameter m may be w r i t t e n  as 

Hhile the base a r e a  i s  

-I f ,  on varying w a t  constaff t  Rody length,  t h i s  a r e a  is kept  cons t an t  
r a t h e r  than the  semi-axis B (B = cotg w, B = cons t. , C = xb t a n  w) , 
t h e  body volume 

16 ,,- B t a n  w15 

w i l l  a l s o  remain cons t an t ,  bu t  the genera l  appearance w i l l  change from 
wide and f l a t  (wing-like) a t  w = 0 t o  narrow and high ( r a f t e r - l i k e )  a t  
l a r g e  va lues  of w. It can be shown t h a t  i n  these circumstances t h e  
cent ro id  a b s c i s s a  keeps increas ing  wi th  increas ing  va lues  of w, j u s t  
a.s i t  does wi th  the e l l i p t i c a l  cone. 

With two s p e c i a l  t i pAang les  the  l o c a t i o n  of t h e  cen t ro id  is  inde­
pendent of the  choice of B. 

A l i m i t i n g  process shows t h a t  wi th  w = 0 (m = 0) 

2
which is somewhat sma l l e r  than the  cone va lue  x'" = 7 xb. The cen te r  of 

c 

g r a v i t y  is a t  x = -7 xb. Like the  e l l i p t i c a l  cone, the  conoid i s  not  s t a b l e  

i f  i t  is wing-l ike.  One can c a l c u l a t e  t h a t  s t a b i l i t y  r e q u i r e s  w > 28", 
while  wi th  the cones t h e  t i p  angle  mus t  exceed = 20". I f  w = 45", x* - xb. 
The cen t ro id  then co inc ides  wi th  the cen te r  of the base. For the e l l i p t i c a l  
cones t h i s  occurs a t  w = 35". It appears t h a t  t he  outward movement of the 
cen t ro id  wi th  inc reas ing  t i p  ang le  is slower wi th  the  conoid than i t  i s  
wi th  the  cone. 
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V I .  A BLUNT BODY 

The l emni sca t i c  body repor ted  on i n  Reference 3 w a s  i nves t iga t ed  
f o r  t h ree  reasons:  f i r s t ,  t o  t e s t  t he  gene ra l  method w i t h  a su r face  of 
more i n t r i c a t e  d e s c r i p t i o n ,  second, t o  show t h a t  t h e  t a n g e n t i a l  shadow 
boundary, i f  no t  co inc id ing  wi th  a s u r f a c e  coord ina te  l i n e ,  may ca l l  f o r  
c lose  a t t e n t i o n  as t o  i n t e g r a t i o n  l i m i t s  and t h a t  some of the  quadratures  
r equ i r ed  may have t o  be done numerical ly ,  and t h i r d ,  t o  s tudy  a body some­
what similar t o  the  Apollo capsule .  

The l a t t e r  purpose is  served b e t t e r  when we now consider  a body com­
posed of a r i g h t  c i r c u l a r  cone and a s p h e r i c a l  base cap whose r ad ius ,  R, 
is r a t h e r  considerably l a r g e r  than t h a t  of t he  cone base (B). The mathe­
mat ica l  formulat ions t o  fo l low a r e  v a l i d  down t o  R = B y  the  cap becoming 
a half-sphere.  The angles  p. and p i d e n t i f i e d  i n  F igure  5 determine the  
coordinates  of t he  p o i n t  P on the  sphere:  

x = R(l  - COS p.) 

y = R s i n  p. cos p 

z = R s i n  p. s i n  p. 

Figure 5. The Blunt Body 
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They s tand  f o r  the  v a r i a b l e s  0 and T i n  genera l  theory.  The parametr ic  
curves p = p* and p = p" are  the  meridians and t h e  c i r c l e s  of cons tan t  
l a t i t u d e  on the  sphere ,  r e spec t ive ly .  One sees  e a s i l y  t h a t  the  condi t ion  
(11), A = 0, f o r  p lanar  curves is s a t i s f i e d .  L e t  p = pb denote the  l a t i ­
tude of t he  cone base.  The n a t u r a l  i n t e r v a l s  then a r e  

0 5 p s 4  

0 s p B 2x. 

Expressions (12) g i v e  

n1 = cos p, n2 = - s i n  p.'cos p, n3 = - s i n  p s i n  p 

N = R~ s i n  1-1. 

I f  the  p a r t i c l e s  a r r i v e  from the  lower l e f t ,  

v = i cos a + j s i n  a,-

and the  condi t ion  (18) f o r  the  ex i s t ence  of a t a n g e n t i a l  shadow l i n e  on 
the  sphere assumes the  form 

cos pt = cotg a cotg IJ. t '  

One sees  from t h i s  t h a t  the cap w i l l  be f u l l y  i l lumina ted  i f  

Otherwise, the  fo rce  and moment integrands w i l l  con ta in  a term 
a r c  cos (cotg a cotg p), equa l ly  unpleasant  as the  term a r c  cos (cotg a 
cotg 3 0 )  t h a t  can never be avoided wi th  the  l emni sca t i c  body (Reference 3 ) .  
It is l i k e l y  t o  f o r c e  a numerical procedure upon us when i n t e g r a t i n g  over 
p. For tuna te ly ,  t he  Apollo cap is  very  f l a t  (R >> B) s o  t h a t  IJZ, w i l l  be 
a s m a l l  angle .  Since l a r g e  angles  of a t t a c k  can be excluded, the  tangen­
t i a l  shadow l i n e  on t h e  cap may be taken as non-exis tent .  The fo rce  d i f ­
f e r e n t i a l  (14) can then  be in t eg ra t ed  without  d i f f i c u l t y ,  s i n c e  the  f ixed  
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n a t u r a l  limits apply.  If the  fo rce  c o e f f i c i e n t s  are r e f e r r e d  t o  the cone 
base area, one f i n d s  t h a t  

cX = -1 
2 s i n 2 a  s in2% + (1 + cos2%) cos2a 

cy = s i n  a cos a s i n 2% 

cz = 0.  

Figure 5 i n d i c a t e s  t h a t  the  u n i t  "a'' t r e a t e d  as a r b i t r a r y  i n  Sec­
t ions  111 and I V  i s  taken here  as the  cone length .  Since T = p f o r  a 
c i r c u l a r  cone (Figure 2), i t s  point-wise r e p r e s e n t a t i o n  may be given as 

x = a ( a b  + 1 - a) 

y = B a c o s  5 
z = B CT s i n  5. 

This system follows from the  former s y s t e n  (21)  by appropr i a t e  coordinate  
t ransformations.  For g r e a t e r  c l a r i t y ,  c has been w r i t t e n  f o r  p, a l though 
the  meaning of the  angle  i s  v i r t u a l l y  the  same as t h a t  of t he  angle  p used 
wi th  the  sphere.  The v a r i a b l e s  a and 5 range i n  

The va lues  IS = 0 and IS = 1 i d e n t i f y  the  cone t i p  and the  cone base,  
r e spec t ive ly ,  s o  t h a t ,  when i n t e g r a t i n g  wi th  r e s p e c t  t o  0 ,  one moves 
from t i p  t o  base.  

From expressions (12), wi th  the  use of B = a t an  w, 

nl = - s i n  w, n2 = - cos b COS w, n3 = - s i n  6 cos w 

N = - B'O 

s i n  w . 
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Condition (18) f o r  t angen t i a l  incidence becomes 

t a n  w cos p 
t 

= --
t a n  a 

An i l lumina ted  a r e a  on the  cone can e x i s t  only i f  the  angle  of a t t a c k  i s  
a t  l e a s t  equal  t o  the  t i p  angle  (a 2 w), as one would a l s o  i n f e r  from 
inspec t ion .  I f  pt = is one s o l u t i o n  of t h i s  equat ion,  p t  = 271 - p" 
w i l l  be the  o t h e r  one. 

The shadow cy l inde r  through the  base per iphery  can be shown t o  i n t e r ­
s e c t  wi th  the  cone i n  a l i n e  wholly confined t o  the  t angen t i a l  shadow 
a r e a ,  so  t h a t  the  i n t e g r a t i o n  i n t e r v a l  is  n o t  c u r t a i l e d  any f a r t h e r  by a 
cast shadow boundary. 

The fo rce  d i f f e r e n t i a l  (14) assumes the  form 

d2g = - 2qm B20 (s i n  
~ 

w cos a + s i n  a cos w cos 312 (i sin + cos cos + 
- s i n  w 

+ k cos w s i n  p )  do dp. 

It needs t o  be in t eg ra t ed  only i f  a 2 w (otherwise,  t he  cone does not  con­
t r i b u t e  t o  the  f o r c e ) .  The ranges 0 5 o 5 1 and pk 5 5 5 231 - pk must be 
used. The c o e f f i c i e n t s ,  r e f e r r e d  t o  the  a r e a  a:, may be w r i t t e n  as 

ex = - s i n 2 a  cos2w 
?I 

- - 2 s i n 2 a  cos2w [(fi- p'") cos is" + +- 1s i n  --I'(2  + C O S 2 P )  cotg w 
n: 

E = o .Z 

n:
The bracke ts  he re  a r e  found t o  be non-negative i n  the  i n t e r v a l ,  < y ,  n: >, 
a l l o t t e d  to  p; t he  f i r s t  v a r i e s  from 71/2 t o  zero,  t he  second from 2/3  t o  
zero.  Thus, i f  the  cone i s  s t r u c k  by the  p a r t i c l e  stream, i t  w i l l  sub­
tract  from the  chordwise fo rces  and add t o  the  normal fo rces  of t he  cap 
alone. 
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The cent ro id  of t h e  cap is  a t  x* = R (even i f  a t a n g e n t i a l  shadow 
l i n e  should exis t  on it),  t h a t  of t he  cone i s  a t  

= “b +(a - 7 c0s2w Y 

a >  


as fol lows from express ion  (31) al lowing f o r  t h e  changed o r i e n t a t i o n  and 
denota t ion  (former xl., = present  a) .  Since,  from Figure  5, 

% = R ( l  - COS %) 

t he  arm of the t o t a l  moment w i l l  be 

= R, i f  t he re  a r e  no fo rces  on the cone. 

Since 

Y
- 5 - 4 t an  a cos2w s in2  
y - 3 K  b y 


the  cent ro id  of t he  Apollo configurat ion,  where pb is  a s m a l l  angle  and 
a < R , w i l l  never s t r a y  f a r  from the  cap‘s center .  On the  o the r  hand, 
t he  cen te r  of g r a v i t y  w i l l  be near t he  cone base.  Since Xb << R, the  
conf igura t ion  should e x h i b i t  s t rong  s t a b i l i t y  i n  the  Newtonian flow 
regime. 

The same can be expected of the Gemini capsule  where the  rear end of 
the  cone is  rep laced  by a coaxia l  c y l i n d r i c a l  piece.  To be su re ,  i f  the  
conica l  middle p a r t  i s  s t r u c k  by the  p a r t i c l e s  (a > w), t he  de f l ec t ed  
s t ream w i l l  come i n  con tac t  w i th  the  cy l inder  s u r f a c e ,  and the  Newtonian 
a n a l y s i s  cannot be app l i ed  wi th  confidence. However, t he  presence of the  
cy l inde r  should tend t o  d r i v e  the  center  of p re s su re  s t i l l  more backward 
and thus t o  f u r t h e r  s t a b i l i t y .  
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V I I .  THE MODIFIED APPROACH 

With some bodies of plane o r  a x i a l  symmetry and wi th  the  c i r c u l a r  
cy l inder  i n  symmetric cross-flow, the  Newtonian r e s u l t s  have been shown 
t o  tmprove i f  one sees  t o  i t  t h a t  t he  pressure  c o e f f i c i e n t  assumes the  
exac t  va lue  a t  the  s t a g n a t i o n  p o i n t  where i t  is usua l ly  (because r e l a ­
t i v e l y  e a s i l y  computed f o r  a = 0). It may be expected t h a t  the  expres­
s i o n  thus gained w i l l  a l s o  hold good f o r  small angles  of a t t a c k .  A t  
l e a s t  one cor robora t ion  of t h i s  surmise e x i s t s  i n  the  pressure  d i s t r i b u ­
t i o n  around a c i r c u l a r  cone (w = lo" ,  a = 6.7") where the  modi f ica t ion  
amounts t o  a 4 percent  increase  i n  values  t h a t  a r e  a l r eady  s a t i s f a c t o r y  
on the  whole when computed from shockless  impact  theory.  

With the  o v e r a l l  angle  of a t t a c k  zero,  the  angle ,  w, a t  the  s tagna­
rct i o n  poin t  w i l l  be the  l o c a l  angle  of a t t a c k  s o  t h a t  w = -2 - The 

modified formula then w i l l  be w r i t t e n  as 

where C g  is  the  p re s su re  c o e f f i c i e n t  a t  the  s t agna t ion  po in t .  I f  
Cp = C"P as des i r ed .  The va lue  of C$ can be ca l cu la t ed  froma' = gtag, 


sh.ock t r a n s i t i o n  r e l a t i o n s  and depends on the  r a t i o  of s p e c i f i c  hea t s  

(7) i n  the  gas and on the  Mach number, &, of the undis turbed flow. 


I n  the  case of b l u n t  bodies ( f o r  which express ion  (45) w a s  f i r s t  
suggested i n  Reference 4)  s i n  w = 1 and 

With i n f i n i t e  Mach number i n  a diatomic gas ,  C" = 1.84, which f i g u r e  then 
r ep laces  the  f a c t o r  2 of simple impact  theory.' The va lues  decrease wi th  
decreasing Mach number (C" = 1.64 f o r  M, = 2) ,  a t  f i r s t  very  slowly; i n  
the  hypersonic  reg ion  M, 9 6 the  f i g u r e  1.84 may be used throughout w i th  
a small e r r o r  i n  the  second decimal p lace  ( y  = 1.4). Very s a t i s f a c t o r y  
r e s u l t s  have been obtained regarding the sphere ,  e l l i p s o i d - arid sphere-
capped c i r c u l a r  cy l inde r s ,  and a sphere-blunted c i r c u l a r  cone; they were 
somewhat l e s s  accu ra t e  wi th  the  cy l inder  i n  cross-flow. I n  a l l  cases ,  
however, they surpassed those obtained by another  method (Busemann's pres­
s u r e  r e l i e f  approach). 
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With plane symmetric bodies having a sharp  leading  edge t o  which 
the  shock is  a t t ached ,  one may use the  zero  incidence s t a g n a t i o n  pressure  
of t he  wedge which, a l though i t  cannot i n  genera l  be w r i t t e n  down expl ic ­
i t l y ,  assumes a convenient form when the  cosine of t he  shock-body angle  
is  s u f f i c i e n t l y  c l o s e  t o  uni ty .  Expression (45) then emerges as 

I f  the  Mach number approaches i n f i n i t y ,  the bracke t  approaches (y + 1); 
the  f a c t o r  2 i s  then  rep laced  by 2.4 i n  a diatomic gas .  

With y = 1.4, t he  formula (47) worked we l l  and b e t t e r  than Busemann's 
method f o r  the  wedge i t s e l f  and f o r  a symmetrical pointed a i r f o i l  p r o f i l e .  
With the  l a t t e r  and y = 1.05, however, the  modified Newtonian formula gave 
c o n s i s t e n t l y  too  h igh  pressure  va lues  and was i n f e r i o r  t o  the pressure  
r e l i e f  approach (which r e s u l t e d  i n  f i g u r e s  somewhat too  small). 

The su r face  of a pointed body of r evo lu t ion  may, near  t he  t i p ,  be 
approximated by t h a t  of a c i r c u l a r  cone wi th  the  same h a l f  opening angle  
w. 	 The l a t t e r ' s  r e l a t i o n  t o  the  angle ,  os, of the  a t t ached  shock i s  
involved. A s  a r u l e ,  numerical ca l cu la t ions  are  necessary,  un less  both 
w and os a r e  small. I n  t h i s  case  the  approximate express ion  

is  der ived i n  Reference 1 (p. 116-118)", t he  r e l a t i o n s h i p  of K = I&w and 
Ks = M, os being g iven  as 

JC
Much of the  f a c t u a l  information assembled i n  the  present  s e c t i o n  is  also 
taken from Chernyi' s book. 
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w i t h  y = 1.4. The excess over 2 is markedly less t..an i n  two imensions. 
For the  c i r c u l a r  cone i t s e l f  and y = 1.405, the  approximation of Cp is 
v e r y ~ g o o dup t o  w = 20° ,  30", and 40" i f  K 2 2, 2 3,  = 00. It breaks 
r a p i d l y  down f o r  K < 2, t he  e r r o r  amounting t o  -8 percent  a t  K = 1 and 
w = 5". Expression (48) o f f e r s  an  equal ly  s a t i s f a c t o r y  approximation of 
the  r a t i o  o,/w i n  terms of K; w i th  w up t o  lo" ,  i t  is  c lose  even w i t h  
K = 1. 

A check w a s  a l s o  made wi th  an  axisymmetric ogive (w = 16.26O, M,,, = 8, 
y = 1.4) .  The zero incidence meridional  pressure  d i s t r i b u t i o n s  as com­
puted from Newton's modified formula and from the  (more exac t )  numerical 
method of c h a r a c t e r i s t i c s  were p r a c t i c a l l y  i d e n t i c a l .  

For bodies l i k e  the  e l l i p t i c a l  cone and the b i p a r a b o l i c  conoid which 
a r e  not  of r o t a t i o n a l  sy"e t ry . , t he  modi f ica t ion  of t he  f a c t o r  2 must be 
judged on the  b a s i s  of the  wedge and c i r c u l a r  cone r e s u l t s .  The f l a t t e r  
t hese  more i r r e g u l a r  bodies become a t  a given va lue  of w, t he  more one 
may be inc l ined  t o  cau t ious ly  upgrade the  r e l a t i v e  low cone co r rec t ion .  
The b l u n t  Apollo- l ike conf igura t ion  induces no unce r t a in ty ;  t he  modified 
pressure  c o e f f i c i e n t  w i l l  here  be smal le r  i n  accordance wi th  the  genera l  
express ion  (46). 
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